ABSTRACT. For a model category, we prove that taking the category of coalgebras over a comonad commutes with left Bousfield localization in a suitable sense. Then we prove a general existence result for left-induced model structure on the category of coalgebras over a comonad in a left Bousfield localization. Next we provide several equivalent characterizations of when a left Bousfield localization preserves coalgebras over a comonad. These results are illustrated with many applications in chain complexes, (localized) spectra, and the stable module category.
INTRODUCTION
This paper sits at the intersection of two important threads in homotopy theory: Bousfield localization and comonad. For a model category M and a class of maps C in M, the left Bousfield localization L C M, if it exists, is the model structure on M with the same cofibrations and with the maps in C turned into weak equivalences. Bousfield localization is a ubiquitous tool in homotopy theory, going back at least as far back as [Bou79] and continuing with the work of Hopkins, Ravenel [Rav92] , and many others. On the Next we consider question (C) above. Algebraic structures are not in general preserved by localizations. However, preservation of algebraic structures can happen under suitable conditions. The following preservation result, which will appear as Theorem 5.3, provides several equivalent characterizations of when a left Bousfield localization preserves coalgebras over a comonad. 
1). (4) The forgetful functor preserves left Bousfield localization (Def. 5.2).
An analogous result for a monad instead of a comonad is [BW∞] Theorem 5.6. An analogue for a monad and right Bousfield localization is [WY∞b] Theorem 5.4. Once again, in practice the implementation of the previous result is quite different from those in [BW∞, WY∞b] .
The above theorems are proved in Sections 2-5. The second half of this paper contains many applications of these theorems to various categories and left Bousfield localizations of interest. In Section 6 we prove preservation results under homological truncations for comonoids and (coring) comodules in chain complexes over a commutative unital ring equipped with the injective model structure. In Section 7 we prove preservation results under smashing localizations for comodules over a comonoid in (localized) spectra with the injective model structure. In Section 8 we prove preservation results under smashing localizations for comodules, comonoids, and coalgebras over suitable cooperads in the stable module category.
LIFTING BOUSFIELD LOCALIZATION TO COMONADIC ALGEBRAS
We assume the reader is familiar with the basics of model categories, as explained in [Hir03, Hov99, Qui67] .
Suppose K is a comonad on a model category M that admits a left Bousfield localization L C M with respect to some class of cofibrations C such that the category of K-coalgebras in M admits a left-induced model structure via the forgetful functor to M. The main result of this section (Theorem 2.8) says that the category of K-coalgebras in L C M admits a left-induced model structure via the forgetful functor to L C M if and only if the category of K-coalgebras in M admits a suitable left Bousfield localization. Furthermore, when either condition holds, the two model categories coincide.
We begin by recalling some definitions regarding left Bousfield localization and left-induced model structure. The homotopy function complex in a model category M is denoted by map M [Hir03] (Def. 17.4.1).
Definition 2.1. Suppose M is a model category, and C is a class of maps in M.
(1) A C-local object is a fibrant object X ∈ M such that the induced map map M (A, X) map M (B, X)
o o of simplicial sets is a weak equivalence for all the maps f ∶ A / / B in C.
(2) A C-local equivalence is a map f ∶ A / / B ∈ M such that the induced map map M (A, X) map M (B, X)
of simplicial sets is a weak equivalence for all C-local objects X. (3) Define a new category L C M as being the same as M as a category, together with the following distinguished classes of maps. A map f ∈ L C M is a:
• cofibration if it is a cofibration in M.
• weak equivalence if it is a C-local equivalence.
• fibration if it has the right lifting property with respect to trivial cofibrations, i.e., maps that are both cofibrations and weak equivalences. Remark 2.2. In the previous definition, using functorial cofibrant replacement and functorial factorization of maps into cofibrations followed by trivial fibrations, without loss of generality we may assume that maps in C are cofibrations between cofibrant objects.
When an adjunction is drawn, the left adjoint will always be drawn on top.
an adjunction with left adjoint L and M a model category. We say that N admits the left-induced model structure via L if it admits the model category structure in which a map f is a weak equivalence (resp., cofibration) if and only if L f ∈ M is a weak equivalence (resp., cofibration).
Remark 2.4. In the previous definition, when N admits the left-induced model structure via the left adjoint L, the adjoint pair (L, R) is a Quillen adjunction because L preserves cofibrations and trivial cofibrations.
Definition 2.5.
(1 
In this adjunction, the forgetful functor U is the left adjoint, and the cofree K-coalgebra functor is the right adjoint.
Assumption 2.6. Suppose that:
(1) M is a model category, and C is a class of cofibrations between cofibrant objects in M such that the left Bousfield localization L C M exists. (2) K is a comonad on M such that the category Coalg(K; M) admits the left-induced model structure via the forgetful functor U to M.
of simplicial sets is a weak equivalence for all C-local objects X in M, where KX is the cofree K-coalgebra of X (2.5.1).
Many examples of the left-induced model structure on Coalg(K; M) are given in [B+15] , [HS14] , and [HKRS17] , some of which will be used below.
Lemma 2.7. Under Assumption 2.6, the following statements are equivalent for a map f in Coalg(K; M).
Proof. First we show that (1) and (2) are equivalent. By the definition of C ′ -local objects, every map in C ′ is a C ′ -local equivalence. Conversely, note that for each C-local object X, the cofree K-coalgebra KX is a C ′ -local object. Indeed, since the forgetful-cofree adjunction (2.5.1) is a Quillen adjunction and since X ∈ M is fibrant, the object KX ∈ Coalg(K; M) is fibrant. So KX is a C ′ -local object by the definition of the class C ′ . It follows that every C ′ -local equivalence f induces a weak equivalence of simplicial sets in (2.6.1), and therefore f belongs to C ′ .
Next we show that (1) and (3) are equivalent. Suppose f (1)). Applying the forgetful functor U entrywise to f • yields a cosimplicial resolution of U f ∈ M because cofibrations and weak equivalences in Coalg(K; M) are defined in M via U.
For any C-local object X in M, as noted above, the cofree K-coalgebra KX is a fibrant object in Coalg(K; M). Using the forgetful-cofree adjunction (2.5.1), there is a commutative diagram of simplicial sets:
By definition f ∈ C ′ if and only if the bottom horizontal map in the above diagram is a weak equivalence for all C-local objects X. By commutativity this is equivalent to the top horizontal map being a weak equivalence for all C-local objects X. This in turn is equivalent to U f ∈ M being a C-local equivalence.
Theorem 2.8. Under Assumption 2.6, the following two statements are equivalent.
Furthermore, if either statement is true, then there is an equality
This theorem says that, in the diagram
the ability to go counter-clockwise is equivalent to the ability to go clockwise. Furthermore, when either one is possible, the results are equal.
Proof. The categories Coalg(K; L C M) and L C ′ Coalg(K; M) are both equal to the category Coalg(K; M). By [Hir03] (Prop. 7.2.7) it suffices to show that they have the same classes of cofibrations and also the same classes of weak equivalences. In each of these two categories, a cofibration is a map f ∶ A / / B in Coalg(K; M) such that U f ∈ M is a cofibration. Moreover, the equivalence of (2) and (3) in Lemma 2.7 says that these two categories have the same weak equivalences.
ADMISSIBILITY OF COMONADIC COALGEBRAS IN BOUSFIELD LOCALIZATION
In order to apply Theorem 2.8, we will need to know when condition (1) or condition (2) there holds. In the main result of this section (Theorem 3.3), we prove that under mild conditions the category Coalg(K; L C M) admits a left-induced model structure via the forgetful functor to the left Bousfield localization L C M. (1) We say that f has the left lifting property with respect to g if every solid-arrow commutative diagram
in M admits a dotted arrow, called a lift, that makes the entire diagram commutative. In this case, we also say that g has the right lifting property with respect to f and write f ⧄ g. (2) Define the class of maps
Next we provide reasonable conditions under which the two equivalent statements in Theorem 2.8 are true. We will make use of the following rightto-left transfer principle from [B+15] (Theorem 2.23), [GKR∞] (1) There is an inclusion • M is a combinatorial model category.
• C is a class of cofibrations between cofibrant objects in M such that L C M is a cofibrantly generated model category.
• K is a comonad on M such that Coalg(K; M) is a locally presentable category that admits the left-induced model structure via the forgetful functor U (2.5.1).
Then the following two statements hold.
(1) The category Coalg(K; L C M) admits the left-induced model structure via the forgetful functor U in the forgetful-cofree adjunction
Proof. For the first assertion, by Theorem 3.2 with N = Coalg(K; M), the acyclicity condition (3.2.1) holds for the forgetful-cofree adjunction (2.5.1). As categories both
are locally presentable. Since L C M is a cofibrantly generated model category by assumption, it is a combinatorial model category. It remains to check the acyclicity condition (3.2.1) for the forgetful-cofree adjunction (3.3.1). We have that:
The first equality follows from Cof M = Cof L C M . The first inclusion is the acyclicity condition (3.2.1), which we assumed is true. The last inclusion follows from the inclusion
This proves the first assertion. The section assertion follows from the first assertion and Theorem 2.8.
PRESERVATION OF COMONADIC COALGEBRAS UNDER BOUSFIELD LOCALIZATION
Left Bousfield localization does not preserve algebraic structure in general. For example, in the category of symmetric spectra with the stable model structure, the (−1)-Postnikov section is a left Bousfield localization that does not preserve monoids [CGMV10] . Therefore, we should not expect left Bousfield localization to preserve comonadic coalgebras in general. The main result of this section (Theorem 4.2) provides conditions under which comonadic coalgebra structures are preserved by left Bousfield localization. This preservation result is the comonad analogue of [WY18] (Theorem 7.2.3). Its analogue for a monad and right Bousfield localization is [WY∞a] (Theorem 6.2). A strengthened version of this preservation result is Theorem 5.3 below.
Definition 4.1. Under Assumption 2.6, we say that L C preserves K-coalgebras if the following statements hold.
(1) For each K-coalgebra X, there exists a K-coalgebraX such that UX is a C-local object that is weakly equivalent to the localization
(a) There is a natural choice ofX as part of a K-coalgebra
Note the connection between the hypotheses of the next result and Theorems 2.8 and 3.3.
Theorem 4.2. Under Assumption 2.6, suppose Coalg(K; L C M) admits the leftinduced model structure via the forgetful functor
Coalg(K; L C M) U / / L C M in the forgetful-cofree adjunction (3.3.
1). If this forgetful functor U preserves fibrant objects, then L C preserves K-coalgebras.
Proof. Write:
• Q and Q K for the cofibrant replacements in M and Coalg(K; M), respectively;
K X comes with a K-coalgebra structure. We will take R K C Q K X to be ourX, so we must show that
The proof proceeds in three steps.
For the first step, the cofibrant replacements Q and Q K give the commu-
being a left adjoint, preserves colimits and, in particular, the initial object. The map ∅ / / Q K X is a cofibration in Coalg(K; M). After applying U its underlying map is a cofibration in M because the model structure on Coalg(K; M) is left-induced from that of M. So the dotted filler α exists in M. Moreover, the map Q K X / / X is a trivial fibration in Coalg(K; M), so after applying U the bottom horizontal map is a weak equivalence in M. The 2-out-of-3 property now implies that α is a weak equivalence in M.
For the second step, first recall that
as categories. The fibrant replacements R C and R K C give the commutative diagram
The left vertical map is U applied to the fibrant replacement
In the diagram (4.2.4), the right vertical map is a fibration in L C M. The map r is a trivial cofibration in Coalg(K; L C M), so after applying U the left vertical map in (4.2.4) is a trivial cofibration in L C M. Therefore, the dotted filler β exists in L C M. Furthermore, the top horizontal map in (4.2.4) is a weak equivalence in L C M. So the 2-out-of-3 property implies that β is a weak equivalence in L C M.
For the last step, consider the maps
in L C M, in which α and β are the maps in (4.2.2) and (4.2.4), respectively. Since α is a weak equivalence in M, the second map R C α is a weak equivalence in L C M between C-local objects. Furthermore, it was established in the previous paragraph that the first map β is a weak equivalence in
., a C-local object). So [Hir03] (Theorem 3.2.13(1)) implies that both maps in (4.2.5) are weak equivalences in
Next suppose X is a cofibrant K-coalgebra in Coalg(K; M); i.e., UX is cofibrant in M. In this case, the localization L C UX is weakly equivalent in M to the fibrant replacement R C UX in L C M, and we may simply take α to be the identity map on UX in step 1 above. What we proved above now says that
is the desired lift of the localization map l ∶ UX / / L C UX.
EQUIVALENT APPROACHES TO PRESERVATION OF COMONADIC COALGEBRAS
The main result of this section (Theorem 5.3) provides equivalent characterizations of preservation of comonadic coalgebras under left Bousfield localization (Def. 4.1). Simultaneously, we provide a converse to the preservation Theorem 4.2.
Aside from Def. 4.1, another approach to preservation of comonadic coalgebras under left Bousfield localization is based on the following definition, which is the comonad version of [CRT∞] (Def. 7.3).
Definition 5.1. Under Assumption 2.6, we say that L C lifts to the homotopy category of K-coalgebras if the following statements hold.
(1) There exists a natural transformation r ∶ Id
and U is the forgetful functor.
A third approach to preservation of comonadic coalgebras under left Bousfield localization is based on the following definition, which is the comonad version of [GRSØ∞] (3.12).
Definition 5.2. Under Assumption 2.6, suppose L C ′ Coalg(K; M), the left Bousfield localization with respect to C ′ , exists. We say that the forgetful functor
′ -local equivalence with C ′ -local codomain, the map Uc ∈ M is a C-local equivalence with C-local codomain.
In the previous definition, by Theorem 2.8, the category Coalg(K; L C M) admits the left-induced model structure via the forgetful functor to L C M, and it is equal to L C ′ Coalg(K; M) as a model category.
The following result shows that the three approaches to preservation of comonadic coalgebras under left Bousfield localization are equivalent and, furthermore, provides a converse to Theorem 4.2. It is essentially the comonad analogue of [BW∞] (Theorem 5.6). Moreover, its analogue for a monad and right Bousfield localization is [WY∞b] (Theorem 5.4). 
in which the equality is from Theorem 2.8. Then the following statements are equivalent.
(1) U in (5.3.1) preserves weak equivalences and fibrant objects. For (3) ⇒ (1) first note that the forgetful functor U preserves weak equivalences because the model structure on Coalg(K; L C M) is left-induced from that on L C M via U. To see that U preserves fibrant objects, first note that (L K , r) is a localization on Ho Coalg(K; M) by the first paragraph of the proof of Lemma 7.4 in [CRT∞] , whose proof works here without change. Using the assumed statement (3), Theorem 4.6 in [CRT∞] implies that the localization L K is unique up to a natural isomorphism. By Theorem 2.8 L K coincides with the localization L C ′ . Since the image of L C U is always fibrant in L C M, h implies that U in (5.3.1) preserves fibrant objects. We have shown that the first three statements are equivalent.
To see that (1) ⇒ (4), simply note that the map c in Def. 5.2 is a weak equivalence with fibrant codomain in L C ′ Coalg(K; M), and hence also in Coalg(K; L C M). So (1) implies that the map Uc ∈ L C M is a weak equivalence with fibrant codomain, i.e., a C-local equivalence with C-local codomain in M.
Finally, we show that (4) ⇒ (2). Given any K-coalgebra X, consider the functorial fibrant replacement
, where * denotes the terminal object.
By (4) the map Ur ∈ M is a C-local equivalence with C-local codomain.
Next we show that UL C ′ X is weak equivalent to L C UX in M and that there is a weak equivalence β as in Def. 4.1(2). Consider the commutative solid-arrow diagram
in L C M, where * denotes the terminal object in M. Since r is a trivial cofibration in Coalg(K; L C M), whose model structure is left-induced from that on L C M via U, the map Ur is a trivial cofibration in L C M. The top-right composite is the fibrant replacement of UX in L C M. Since the right vertical map is a fibration, there is a dotted lift
Furthermore, since the left and the top maps are both weak equivalences in L C M, so is β by the 2-out-of-3 property. As β is a C-local equivalence between C-local objects, it is actually a weak equivalence in M by [Hir03] (Theorem 3.2.12(1)).
APPLICATION TO CHAIN COOPERADIC COALGEBRAS, COMONOIDS, AND (CORING) COMODULES
In this section, we apply Theorems 3.3 and 5.3 to obtain preservation results for comonoids and (coring) comodules in chain complexes under homological truncations.
6.1. Bousfield Localization of Chain Cooperadic Coalgebras. Fix a commutative unital ring R. Let Ch R denote the category of unbounded chain complexes of R-modules. Equip Ch R with the injective model structure, denoted Ch R,inj , which has quasi-isomorphisms as weak equivalences and degreewise monomorphisms as cofibrations [Hov99] (Theorem 2.3.13). Then Ch R,inj is a left proper simplicial combinatorial model category. In particular, for each set C of cofibrations in Ch R,inj , the left Bousfield localization L C Ch R,inj exists and is a left proper combinatorial model category.
Suppose Q is a cooperad on Ch R [HKRS17] (Section 6.1.2). Recall that a Q-coalgebra is a pair (X, δ) consisting of an object X and a structure map
for each n ≥ 1 that satisfies suitable equivariance, coassociativity, and counity conditions. We assume that the category Coalg (Q; Ch R ) of Q-coalgebras is locally presentable Suppose there is another cooperad P on Ch R equipped with a map Q ⊗ P / / Q of cooperads such that R is a P-coalgebra, extending to
in Coalg (P; Ch R ), in which the first map is a cofibration and the second map is a weak equivalence in Ch R,inj . Then by [HKRS17] (Theorem 6.3.1) Coalg Q; Ch R,inj admits the left-induced model structure via the forgetful functor U in the forgetful-cofree adjunction
Theorem 3.3 applies with M = Ch R,inj , C an arbitrary set of cofibrations in Ch R,inj , and K the comonad Γ Q whose coalgebras are Q-coalgebras. We conclude that there is a commutative diagram:
In plain language, the left Bousfield localization L C ′ Coalg Q; Ch R,inj exists and is equal to the left-induced model structure on Coalg Q; L C Ch R,inj over L C Ch R,inj .
Bousfield Localization of Chain Comonoids.
The setting of Section 6.1 applies, in particular, when Q is the cooperad for comonoids, which are assumed to be non-counital, in Ch R,inj [HKRS17] (Corollary 6.3.5). So via the forgetful-cofree adjunction
the category Comon Ch R,inj of comonoids in Ch R,inj admits the left-induced model structure. With C an arbitrary set of cofibrations in Ch R,inj , Theorem 3.3 implies the existence of the following commutative diagram.
This means the left Bousfield localization L C ′ Comon Ch R,inj exists and is equal to the left-induced model structure on Comon L C Ch R,inj over L C Ch R,inj .
Homological Truncations Preserve Chain Comonoids.
For an integer n, consider the left Bousfield localization L n on Ch R,inj for which an L n -local weak equivalence is a chain map f such that H ≤n f is an isomorphism. An L n -local object is a chain complex X with H >n X = 0. We refer to L n as the homological truncation above n. For a chain complex X = X i , d i , its homological truncation above n can be explicitly described as
Here d n+1 ∶ X n+1 / / X n , and the differentials in L n X are induced by those in X. The L n -localization map of X is the quotient map q n ∶ X / / L n X.
We now observe that if n < −1, then the homological truncation above n preserves comonoids, so all four conditions in Theorem 5.3 hold. To see this, suppose (X, δ) is a comonoid in Ch R,inj . We define a comultiplication
where x means the degree of a homogeneous element x. To see that this map gives L n X the structure of a comonoid, we first observe that the square
is commutative. This is true by definition for x ∈ (L n X) ≤n . It remains to show that q
By definition q n x i = 0 for i > n + 1. Furthermore, if x ≥ n + 1 ≥ i, then x − i ≥ 0, so q n x x −i = 0 because n < −1. This proves (6.3.2).
The coassociativity of the map δ n is now a formal consequence of that of δ (i.e., (δ ⊗ Id)δ = (Id ⊗δ)δ) and the commutativity of the square (6.3.1) (i.e., δ n q n = q ⊗2 n δ). Indeed, we only need to prove the coassociativity of δ n starting with an element x ∈ (L n X) ≤n , and this follows from the following computation:
The commutativity of the square (6.3.1) now implies the L n -localization map q n ∶ (X, δ) / / (L n X, δ n ) is a map of comonoids. So for n < −1, the homological truncation L n above n lifts to the homotopy category of comonoids, and all four conditions in Theorem 5.3 hold. 
This means the left Bousfield localization L C ′ Ch B R,inj exists and is equal to the left-induced model structure on
6.5. Homological Truncations Preserve Chain Comodules. Suppose B is a comonoid such that B j = 0 for j ≥ 0. We now observe that for each integer n, the homological truncation L n above n preserves right B-comodules.
To prove this, suppose (M, δ) is a right B-comodule with structure map
is commutative. Using the commutativity of this square, a computation similar to (6.3.4) proves the coassociativity of δ n .
The commutativity of the previous square now implies the L n -localization map 
6.7. Homological Truncations Preserve Coring Comodules. Suppose A is a non-unital monoid satisfying A ≤0 = 0, and B is a non-counital A-coring satisfying B ≥0 = 0. We now observe that for each integer n, the homological truncation L n above n preserves right B-comodules in Mod A .
Indeed, we simply reuse the arguments in Section 6.5. For a right B-
is commutative. Using the commutativity of this square, a computation similar to (6.3.4) proves the associativity of µ n .
The commutativity of the previous square now implies the L n -localization map
is a map in Mod A , hence in right B-comodules in Mod A when combined with the arguments in Section 6.5. So for a non-unital monoid A with A ≤0 = 0, a non-counital A-coring B with B ≥0 = 0, and an arbitrary integer n, the homological truncation L n above n lifts to the homotopy category of right B-comodules in Mod A , and all four conditions in Theorem 5.3 hold.
APPLICATION TO COMODULES IN (LOCALIZED) SPECTRA
In this section, we apply Theorems 3.3 and 5.3 to obtain preservation results for comodules in (localized) spectra under smashing localizations. 
Smashing Localizations Preserve Spectral Comodules
0 of the sphere spectrum. Examples of smashing localizations include:
(1) L E with E the Moore spectrum of a torsion-free group [Bou79]; (2) Miller's finite localization [Mil92] ; (3) L E(n) with E(n) the nth Morava E-theory [Rav92] (Theorem 7.5.6).
With the same setting as in Section 7.1, suppose (X, λ) is a right Bcomodule in Mod A . Suppose L E is a smashing localization. Then the Elocalization L E X inherits a natural right B-comodule structure with right
where µ ∶ X ∧ A / / X is the right A-action on X, and right B-coaction
Furthermore, the localization map
of X respects the right A-module structure and the right B-comodule structure because the diagrams
are commutative. The exact same discussion as in Section 7.2 implies every smashing localization on M lifts to the homotopy category of K-coalgebras in the sense of Def. 5.1, where K is the comonad for right B-comodules in M. By Theorem 5.3 all four conditions there hold, so every smashing localization preserves right B-comodules in M.
APPLICATION TO COMODULES AND COOPERADIC COALGEBRAS IN THE STABLE MODULE CATEGORY
In this section, we apply Theorems 3.3 and 5.3 to obtain preservation results for comodules and cooperadic coalgebras in the stable module category under smashing localizations. 8.1. Smashing Localizations Preserve Comodules. Another adaptation of Section 7 apply to the stable module category. Suppose M is the stable module category of kG-modules, where k is a field whose characteristic divides the order of the finite group G, equipped with the cofibrantly generated model structure in [Hov99] (Section 2.2).
Suppose B is a comonoid in M. The same proof as in [HKRS17] Corollary 6.3.7 (which deals with Ch R instead of M) implies the category Comod(B; M) of right B-comodules in M admits a left-induced model structure via the forgetful-cofree adjunction as in (7.3.1). Theorem 3.3 now applies with C an arbitrary set of cofibrations in M and with K the comonad whose category of coalgebras is Comod(B; M). So there is a commutative diagram as in (7.3.2).
Suppose L E is a smashing localization on the stable module category M, so
for each Y ∈ M, where 1 is the monoidal unit in M. The exact same discussion as in Section 7.2 implies L E lifts to the homotopy category of Kcoalgebras, where K is the comonad for right B-comodules in M. By Theorem 5.3 all four conditions there hold, so every smashing localization preserves right B-comodules in M. The reader is referred to [BIK11] Theorem 11.12 for characterizations of smashing localizations on the stable module category.
8.2. Smashing Localizations Preserve Comonoids. Suppose (X, δ) is a noncounital comonoid in M. Suppose L E is a smashing localization. Then (L E X, ∆) is a non-counital comonoid with comultiplication ∆ defined as the composite:
The bottom horizontal isomorphism comes from the idempotency of the smashing localization L E , i.e.,
(8.2.1)
Since the localization map is given by l X = l 1 ⊗ X, similar to Section 7.2 the diagram
is commutative. So the localization map l X extends to a map of non-counital comonoids.
Therefore, every smashing localization L E lifts to the homotopy category of K-coalgebras, where K is the comonad for non-counital comonoids [HKRS17] (Cor. 6.3.5). By Theorem 5.3 all four conditions there hold. In particular, every smashing localization on the stable module category preserves non-counital comonoids. 
for each n ≥ 1 gives the localization L E X the structure of an O-coalgebra.
The bottom horizontal isomorphism is the n-fold version of (8.2.1) and follows from the idempotency of the smashing localization L E :
Similar to (8.2.2), for each n ≥ 1 the diagram
is commutative. So the localization map l X extends to a map of O-coalgebras.
Suppose K is the comonad for O-coalgebras [HKRS17] (Section 6.1.2). Assume that Coalg(K; M) (resp., Coalg(K; L E M)) admits a left-induced model structure via the forgetful functor to M (resp., L E M). Then the above discussion implies that every smashing localization lifts to the homotopy category of K-coalgebras. By Theorem 5.3 all four conditions there hold. In particular, every smashing localization preserves O-coalgebras whose comonad is left-admissible over M and L E M.
